Abstract: A method based on frequency domain approaches is presented for the non-linear parameter identification of a structure having non-linear joints. The frequency response function (FRF) of the linear substructure, which can be calculated from the finite element method or measured by an experimental method, is used to calculate its FRFs needed in the parameter identification process. This method is easily applicable to a complex real structure having non-linear joints since it uses the FRF of the substructure. Since this method is performed in the frequency domain, the number of equations can be easily increased to as many as required to identify unknown parameters, not only by just varying the excitation amplitude but also by selecting the excitation frequencies. The validity of this method was tested numerically and experimentally with a cantilever beam having a non-linear element. It was verified through examples that the proposed method is useful to identify the non-linear joint parameters of a structure having arbitrary boundaries.
NOTATION

XðoÞ
Coulomb friction force
INTRODUCTION
The exact parameters of a model are necessary to analyse the behaviour of a mechanical system, but it is very difficult to determine its parameters using only theoretical methods. Experimental methods to identify the parameters therefore are generally used and many studies have been executed in this field. In particular, many mechanical systems are composed of some parts connected to one another by various types of non-linear joint. In this case, even if the dynamic model of each part is fairly accurately known and all the subsystems are quite linear, the whole system behaves non-linearly and the dynamic analysis of the whole system becomes complicated. Masri and co-workers [1] [2] [3] [4] suggested a non-parametric method to identify non-linear joint properties. They constructed a joint model with the Chebyshev polynomial, taking advantage of its ortho-gonality characteristics, and fitted the model with the time domain states of the joint coordinate (displacement, velocity and acceleration). Recently Pacheco and Steffen [5] proposed a parametric methodology to identify the physical parameters of non-linear systems, through orthogonal functions. Also Crawley and Aubert [6] and Crawley and O'Donnell [7] identified the non-linear joint properties by plotting non-linear joint forces versus the states of the joint coordinates, called the 'force-state mapping technique'. This forcestate mapping technique is very simple and effective if the examining joint can be separated easily from the whole structure to be analysed. Lee and Park [8] proposed an efficient method to identify the positions and types of non-linear joint. They introduced a local identification method to identify joint properties using information about the positions of non-linear joints. However, most proposed methods have some limits when applied to an actual system because usually it is not easy to isolate the joint from the whole structure or because a large amount of response data is required due to time domain process. A frequency domain identification method, which is feasible to apply to actual systems, has been proposed by two of the present authors [9] . The advantage of the frequency domain method over the other methods is its reduction in the number of data points used in the final curve fit and the capability of identifying the parameters of a non-linear joint without testing the isolated joints. This work illustrates further developments enabling identification of systems with various types of non-linear joint including dry friction and the applications to actual structures through example studies to be addressed. The present method was applied numerically and experimentally to a cantilever with a non-linear joint. In numerical simulation, the method was tested with a cantilever beam characterized by the three types of nonlinear joint: velocity squared damping, cubic stiffness and dry friction. Also an experimental application to another cantilever with dry frictional force, which varies with its vibration modes, is presented. Numerical and experimental studies of cantilevers demonstrate the feasibility and utility of the present method.
THEORETICAL FORMULATION
When dividing the whole non-linear structure at the positions of non-linear joints, several linear substructures are generated. The frequency response functions (FRFs) of linear substructures can be easily obtained by using the finite element model or an experimental method. Assuming that the FRFs of each linear substructure are known, then the non-linear joint properties can be identified using the FRFs of linear substructures connected to the non-linear joint degrees of freedom. The effects of the non-linear joints can be treated as external forces by separating the substructures as shown in Fig. 1 
where X 1 ðoÞ and X 2 ðoÞ refer to coordinates not connected and connected respectively to the joints. The joint forces at the coordinates, G 1 ðoÞ, which are not connected to joints, become zero vector:
The equation of the coordinates having joint forces is extracted from equation (2) The right-hand side of equation (4) consists of the FRF of the substructure, responses and external forces at the positions which connected with joints. These values can be obtained from the results of analysis or experiment. It is convenient to denote the right-hand side of equation (4) by RðoÞ so that
Since the joint force vector G 2 ðoÞ is only related to the joint responses, it can be represented as the functions of X 2 ðoÞ by introducing a model of non-linear joints.
Assuming that m joint forces are connected in the substructure, a joint force vector in the time domain becomes fgðtÞg ¼
. . N is the number of unknown model parameters that can be counted as follows:
The joint force vector fgðtÞg can be determined from the joint force model of equation (6) if the responses of the joint coordinates, displacements and velocities are known. In order to complete an equation of parameter identification in the frequency domain, the responses of joints should be substituted into equation (6), which must be Fourier transformed. Fourier transforming the joint force vector gives fGðoÞg ¼
. .
Substituting equation (8) into equation (5) and rearranging yield a linear algebraic set of equation to be solved for the unknown parameters b ij , which can be written in a compact form as
where b is a vector expressed in terms of b ij and HGðoÞ can be calculated by multiplying the element of H 22 ðoÞ by that of GðoÞ. Since the elements of HGðoÞ and RðoÞ are complex and those of b are real, then equation (9) can be divided into real and imaginary values such as Re½HGðoÞ Im½HGðoÞ
where the numbers of unknown parameters and equations in equation (10) are N and 2m respectively. If 2m5N, then the unknown parameters b ij can be easily determined by the linear algebraic equation (10). The equations may be obtained by the sinusoidal excitation method which is popular to analyse the characteristics of the non-linear system. It is possible to make mutual independent equations by taking the joint coordinate responses for varying the amplitude or frequency of the sinusoidal excitation. A frequency variation method at a given excitation force level or an amplitude variation method at a given excitation frequency can therefore be adopted and those two methods can also be appropriately combined according to experiment conditions and the FRFs of substructures. When either m frequencies or m amplitude levels of excitation force are taken, then equation (10) will be expressed in the form
where Q is a 2m6N real matrix and p is an N real vector. Then the unknown parameter vector b can be determined by the pseudo-inverse technique:
Finally, this procedure of the identification method of the non-linear joint parameters is described in a flow chart, as shown in Fig. 2 .
SIMULATION AND EXPERIMENT OF THE EXAMPLE SYSTEM
Simulation of the example system
A cantilever beam having a non-linear joint at a free end, as shown in Fig. 3 , is introduced to verify the nonlinear parameter identification method. Two types of non-linear joint model including velocity-squared damping, cubic stiffness and Coulomb friction are applied at the free end point of the cantilever beam. The beam is modelled as the finite element model, which has six elements with only vertical coordinates. The FRF of the beam is calculated by the finite element model without the non-linear joint at its end. Figure 4 shows the linear FRF of the beam which represents a point receptance h 66 ðoÞ at the free end of the beam, which has natural frequencies of 3 and 19 Hz. The non-linear parameters of the joint models are identified in the neighbourhood of two resonance points in order to include sufficient non-linear effects and not to be sensitive to calculation errors. The following two types of non-linear joints are attached at the free end of the beam and then tested:
Model I:
Model II:
where the given values of model parameters are shown in Table 1 . Both joint models include a linear spring, viscous damping and cubic stiffness. In addition to those, one model has velocity-squared damping which represents a drag force in fluid and the other model has Coulomb friction which represents a dry frictional force. When the end point of the beam having the non-linear joint is excited by a sinusoidal force, the excitation force and response of the point are measured for the parameter identification procedure. In this example, equation (4) can be obtained using point receptance as follows: where GðoÞ is the non-linear joint force and FðoÞ and Y 6 ðoÞ are the excitation force and response respectively at the end point of the beam. Substituting the measured responses y 6 and _ y y 6 into the joint-model equation (13) or (14) and Fourier transforming both sides of that equation then yield GðoÞ, the non-linear joint force in the frequency domain, which includes the unknown parameters b 1 , b 2 , b 3 and b 4 . Equation (15) can therefore be expressed in terms of the unknown parameters by substituting GðoÞ into equation (15). Since this equation has complex values, it gives two real equations to identify the unknown parameters.
In order to obtain four parameters b 1 , b 2 , b 3 and b 4 , the number of equations should be greater than four. As explained in the previous section, it is possible to increase the number of equations by varying the amplitude F o or frequency f of the sinusoidal excitation force as follows:
The following four cases, which are selected with varying amplitude or frequency of sinusoidal excitation force in the neighbourhood of the first mode and second mode natural frequencies are applied to increase the number of equations: This gives 20 equations in each case and the unknown parameters can be determined respectively by the leastsquares technique. These four cases are applied to the two non-linear joint models, models I and II respectively, and the results of identified parameters are summarized in Tables 2 and 3 according to model types  and excitation cases. The results shown in Tables 2 and 3 indicate that this method has a good performance to identify the nonlinear parameters of velocity-squared damping, cubic stiffness and Coulomb friction as well as the linear parameters of spring and viscous damping. The errors of model II in the results of identification are higher than those of model I because the Coulomb friction has a limit that cannot represent its dynamic behaviour exactly at zero velocity owing to discontinuity of model function. However, when analysing Table 3 , even for the model including Coulomb friction, the identified results can be considered acceptable.
Experiment of the beam structure
The identification method was tested with a cantilever having Coulomb friction in order to verify and illustrate its validity and applicability to a real system. In the simulation of the example beam modelled with the finite element method, there are some errors in the identification of the joint model including dry friction even though they were not serious. Therefore this experimental work focused on the identification of the Coulomb friction parameter. A polyethylene cantilever beam, whose FRF can be easily measured because it has a relatively large damping, was used to estimate Coulomb friction. The length, width and thickness of the beam are 600 mm, 30 mm and 10 mm respectively. A thin plate spring was attached at the free end of the beam to generate a continuous frictional force as the beam oscillates as shown in Fig. 5 . When conducting the experiment, special care was given to let the beam oscillate continuously and not to give stick-slip motion. The excitation amplitude and force were carefully adjusted to keep a constant frictional force. An exciter, which has a sufficient power to vibrate the beam structure with a given dry frictional force, is used. Even though the beam is well excited without dry friction by a sinusoidal excitation force, once the dry friction is loaded on the beam, the effects of friction distort the signal shape of excitation force. Therefore, it is necessary to control an excitation input in order to keep a pure sinusoidal force or to extract only the frequency component of excitation from the input force and response by signal filtering. For experimental convenience, the latter method was used to obtain the excitation force and the response for parameter identification. When extracting the excitation frequency component F e ðoÞ from the non-linear response, a fitting method using sine and cosine functions was directly applied to time domain data so as to reduce the errors of signal processing as follows:
where
xðnÞ cosðno DtÞ
xðnÞ sinðno DtÞ where N p is the number of measured data points and Dt is the sampling interval. The linear FRF of the beam was measured from the cantilever without friction at its end. Figure 6 shows the linear point receptance h ee ðoÞ at the free end of the beam and its coherence function. Once the FRF was obtained, the frequencies were selected to give a good parameter estimation by examining the measured FRF. As shown in equation (12), the method may be sensitive to extraneous noise because it uses inverse calculation of a matrix that is made by multiplying the linear FRF and the non-linear functions of the response together. Therefore it is proper to select the frequencies in the vicinity of resonances, which have larger signal-to-noise ratios (S/N). Five frequencies of 28, 29, . . . , 32 Hz and 82, 83, . . . , 86 Hz which were near the second and fourth modes respectively of the beam were selected. The sign function was used for the Coulomb frictional force model:
where F d is the dry frictional force and, if _ x x ¼ 0, then gðtÞ ¼ 0.
The Coulomb force parameter F d could be identified by using the linear FRF and the non-linear responses obtained via sinusoidal excitation. The main equation to identify the Coulomb force parameter can be written as equation (14) by using the measured FRF h ee ðoÞ:
where F e ðoÞ is the excitation force and GðoÞ is the Coulomb frictional force. Two real equations to determine the Coulomb frictional force are obtained by dividing the complex equation (18) into two parts: real and imaginary. As mentioned above, since five frequencies in the vicinity of the second-and fourth-mode natural frequencies respectively of the beam were selected, ten real equations per mode were obtained. Table 4 lists the identified Coulomb parameters. By changing the excitation frequency, the Coulomb parameter was estimated. Also an optimum parameter was estimated by applying the least-squares method to ten real equations obtained from five different excitations. In Table 4 , x rms and _ x x rms denote the r.m.s. values of responses for displacement and velocity respectively that are used to estimate the Coulomb force. Analysing the results of Table 4 , the Coulomb parameter obtained using the data around 30 Hz excitations (near the second mode) is quite different from the value obtained from around the 84 Hz excitations (near the fourth mode). The difference can be explained because the beam tip oscillation is about three times larger (X rms ¼ 2:756 mm versus 0.947 mm) when maintaining 
CONCLUSION
A frequency domain method using the FRF of substructure to identify non-linear joint properties has been presented and tested numerically and experimentally with a cantilever having a non-linear joint. This method is characterized in that the joint forces, whether they are linear or non-linear, are treated as external forces and can be fitted using the substructure FRF and the joint responses in the frequency domain. In that sense, this method extends the force-state-mapping technique, which fits the joint forces with time domain joint degree response data, into frequency domain manipulations. Since this method is performed in the frequency domain, the number of equations required to identify the unknown parameters can be easily increased Fig. 8 The power spectra of measured and estimated responses when the input force has a frequency band of 66-98 Hz Fig. 7 The power spectra of measured and estimated responses when the input force has a frequency band of 12-44 Hz to as many as required in the procedure, by not only varying the excitation amplitude but also selecting excitation frequencies. It was verified through numerical and experimental examples that the method is useful to identify the non-linear parameters not only of a simple structure but also of a complex structure. This identification procedure is a simple scheme and can be applied to systems with different types of non-linearity and arbitrary non-linear boundaries, since it uses the FRF of substructure and the non-linear forces are treated as external forces.
